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1. Motivation: Correct-by-construction ML models

Task: train a neural network N to satisfy constraint φ.
Train: iteratively update weights using gradient descent and loss.
Verify:with α, β-CROWN, Marabou, NNV, ERAN, . . .
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2. Background: Property-driven ML

Standard ML: Given data x, target y , and prediction loss LP, obtain
optimal network weights θ+ by

θ+ = arg min
θ

E
(x,y)∼D

LP(x, y).

Insight from DL2 (Deep Learning with Differentiable Logic):
Approximate constraints of the form φ : ∀x.P(x) → Q(x) by finding
a counterexample x∗ that does not satisfy Q(x) in the input space
induced by P(x).
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•Approximate counterexample outside of
training set using PGD:

x∗ = arg max
x ′∈S

Lφ(x, x ′, y)
• Use this counterexample in training:

θ+ = arg min
θ

E
(x,y)∼DλLP(x, y)

︸ ︷︷ ︸
prediction loss

+(1 − λ) Lφ(x, x∗, y)
︸ ︷︷ ︸

logical constraint loss

.

3. Background: Differentiable Logics

• DL2: [[·]]DL2 : Φ → [0,∞), where [[>]]DL2 = 0, and
[[x ≤ y ]]DL2 := max{x − y , 0}
[[φ ∧ ψ]]DL2 := [[φ]]DL2 + [[ψ]]DL2
[[φ ∨ ψ]]DL2 := [[φ]]DL2 · [[ψ]]DL2.

• Fuzzy Logics: [[·]]L : Φ → [0, 1], where [[>]]L = 1 and [[⊥]]L = 0

Logic Conjunction Disjunction Implication

Gödel min{x , y} max{x , y}



1, if x < y ,
y , else.

Kleene-Dienes
S(N(x), y)Łukasiewicz max{0, x + y − 1} min{1, x + y}

Reichenbach
xy x + y − xyGoguen



1, if x < y ,
y x , else.

4. Training Experiment
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Constraint: A neural network is locally robust in input x, if
∀x ′. ‖x ′ − x‖∞ ≤ ε
︸ ︷︷ ︸

all elements in the input space close to x

implies ‖N (x ′) − N (x)‖∞ ≤ δ
︸ ︷︷ ︸

the classification is roughly the same

0 25 50 75 100
0%

25%

50%

70%

100%

Epoch

Prediction Accuracy

0 25 50 75 100

Constraint Accuracy

0 25 50 75 100
0%

25%

50%

70%

100%

Epoch

Constraint Security

Baseline DL2 Fuzzy Logic

Main finding: Property-driven training with any differentiable logic
leads to significantly improved constraint satisfaction.

5. Verification Experiment

Verified constraint satisfaction on 500 randomly chosen images of the
MNIST test set on networks trained with ε = 0.4.

Logic Prediction
Accuracy

Constraint
Security

Verified Satisfaction
ε = 0.2 ε = 0.3 ε = 0.4

Baseline 96.50 % 79.68 % 0.68 %
(3/444)

0 %
(0/500)

0 %
(0/500)

DL2 93.07 % 100 % 92.98 %
(384/413)

55.29 %
(183/331)

20.51 %
(73/356)

Fuzzy Logic 94.87 % 100 % 92.70 %
(368/397)

52.16 %
(157/301)

9.22 %
(27/293)

Main finding: Property-driven training leads to some formal
guarantees, but significantly lower than what is reported in training.

6. Future Work: Formal Guarantees

Instead of minimising an upper bound on the loss, . . .

(a) Adversarial Training (b) Certified Training

. . . maximise a lower bound on robustness!
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