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Abstract. We present a number of time-efficient small universal Turing ma-
chines. We show that there exists deterministic polynomial time universal Turing
machines with state-symbol products of (3,11), (5,7), (6,6), (7,5) and (8,4).
These machines are the smallest known universal Turing machines that simulate
TMs in polynomial time.

1 Introduction

Shannon [1] first posed the question of finding the smallest possible universal Turing
machine (UTM). Initially small UTMs were constructed that directly simulated Turing
machines (TMs) [2, 3]. Subsequently the technique of indirect simulation via other uni-
versal models was successfully applied. In the early 1960s Minsky used 2-tag systems
to create a 7-state, 4-symbol machine [4]. Minsky’s technique was more recently used
by Rogozhin et al to create the smallest known UTMs.

Let UTM(m, n) be the class of deterministic UTMs with m states and n symbols.
Rogozhin [5] constructed UTMs in the classes UTM(24, 2) UTM(10, 3), UTM(7,4),
UTM(5,5), UTM(4, 6), UTM(3,10) and UTM(2, 18), Kudlek and Rogozhin [6] con-
structed a machine in UTM(3, 9), and Baiocchi [7] constructed UTMs in UTM(19, 2)
and UTM(7, 4). In terms of the number of transition rules (TRs), Baiocchi’s 4-symbol
UTM is the smallest in the class UTM(7,4). Due to a unary encoding of the TM tape
contents 2-tag systems are exponentially slow simulators of TMs. Hence the simula-
tions of Minsky, Rogozhin, Kudlek and Baiocchi all suffer from an exponential time
complexity overhead. Fig. 1 is a state-symbol plot, here we see that these machines in-
duce a curve which we call the exponential time curve. The halting problem has been
proved decidable for all deterministic TMs in the classes TM(2, 2) [8, 9], TM(3, 2) [10],
TM(2, 3) (Pavlotskaya unpublished), TM(1, n) [11] and TM(n, 1) (trivial) for n > 1.
These results induce the non-universal curve in Fig. 1.

Our main result states that there exists deterministic polynomial time UTMs in the
classes UTM(3,11), UTM(5,7), UTM(6,6), UTM(7,5) and UTM(8,4). Fig. 1 illus-
trates the polynomial time curve that is induced by our result. It follows immediately
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Fig. 1. State-symbol plot of small UTMs. The plot shows the polynomial curve induced by our
machines. Rogozhin et al’s exponential time curve, and the current non-universal TM curve. The
x symbols and the polynomial curve represent the main contribution of this paper; there are
polynomial time UTMs with these state-symbol values

that there are efficient polynomial time UTMs with state-symbol products indicated by
the crosses (x) in Fig. 1. It is interesting to note that in some places our polynomial
time curve actually intersects the exponential time curve.

Before our work the most recent small polynomial time UTM was constructed by
Watanabe [3] in 1961 and is in the class UTM(8, 5). Subsequent efforts to construct
smaller UTMs have used the (exponentially slow) technique of simulation via 2-tag
systems. Our results offer a significant improvement over Watanabe’s 1961 machine;
our machines are significantly smaller and represent a new algorithm for small UTMs.

In Section 2 we give an overview of our simulation algorithm and some defini-
tions used to encode input to our UTMs. In Section 3 we give a machine in the class
UTM(3, 11). We explain its input encoding and operation in some detail. Section 4 con-
tains a proof of correctness which proves that this UTM simulates TMs in polynomial
time. In the remaining sections our algorithm is extended to UTMs with a number of
other state-symbol products and finally a conclusion is given.

2 Preliminaries

Boas [12] discusses how difficult it is to define simulation as a mathematical object and
still remain sufficiently general. Rogozhin [5] gives formal definitions of simulation
between TMs and of UTM. In both of these definitions the encoding and decoding
functions are recursive. Our UTMs satisfy Rogozhin’s definitions and also simulate
deterministic TMs in polynomial time. Rogozhin et al’s UTMs simulate deterministic
TMs in exponential time. It is not known if tag systems can simulate TMs without using
a unary encoding hence it is not known if Rogozhin et al’s UTMs can simulate TMs in
polynomial time.
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Fig. 2. Right and left shifting transition rule simulations. The encoded current state marks the
location of M’s simulated tape head. (a) Encoded configurations before beginning each TR sim-
ulation. (b) Intermediate configurations immediately after the encoded read symbol and encoded
current state have been read. (cR) Configuration immediately after the simulated right shift. (cL)
Configuration immediately after the simulated left shift.

Before going into technical details we describe the main difference between our
UTMs and previous small polynomial time UTMs and why this difference is significant.
We then introduce some general encodings that each of our five machines adhere to. We
also give an overview of our simulation algorithm. Each UTM uses a variation on this
algorithm.

2.1 General form of our universal machines

In order to distinguish the current state g,. of a simulated TM M earlier small UTMs [2,
3] maintained a list of all states with a marker at ¢,.. A change in M’s current state
was simulated by moving the marker to another location in the list of states. The most
significant difference between these earlier UTMs and our algorithm is that we store
the encoded current state of M on M ’s simulated tape at the location of M’s tape head.
Thus the encoded current state also records the current location of M’s tape head during
the simulation. This point is illustrated in Fig. 2.

The problem of constructing a UTM can be broken into the following basic steps.
The UTM must (1) read the encoded current state and (2) read the encoded read symbol.
Next the UTM must (3) print the encoded write symbol, (4) move the simulated tape
head and (5) establish the new encoded current state. Due to the location of the encoded
current state and the special encodings we use for our UTMs the sets {(1), (2)} and
{(3), (4), (5)} each become a single process. Steps (1) and (2) are combined such that
a single set of transition rules read both the encoded current state and the encoded read
symbol. Steps (3), (4) and (5) have been similarly combined. Combining these steps has
reduced the number of transition rules needed by our UTMs.

22 TMs

We consider deterministic TMs with a single one-way infinite tape and a single tape
head [13]. A TM is atuple M = (Q, X, B, f,q1, H) (adapted from [13]). Q and X
are the finite sets of states and tape symbols respectively. B € X is the blank symbol.
q1 € @ is the start state and H C @ is the set of halt states. The transition function
f:QxX—QxXx{L,R}istotal forq € Q if ¢ ¢ H.Ifqg € H the function f is
partial, that is f is undefined on at least one element of ¢ x X'. We write f as a list of



TRs. Each TR is a quintuple ¢t = (¢, 01,02, D, ¢y), with initial state ¢, read symbol
o1, write symbol o9, shift direction D and next state g¢,,.

Throughout the paper U denotes a UTM and for some m,n € N, U,, ,, denotes our
UTM in class UTM(m, n). We let M always denote a TM that is to be simulated by
some U. The encoding of M as a word is denoted M. Analogously the encodings of
state ¢ and tape symbol o are denoted ¢ and & respectively. For convenience we often
call the word g a state of 1. We let N denote the set of nonnegative integers. In regular
expressions U, *, e and parentheses have their usual meanings [13].

2.3 Input encodings for UTMs

Without loss of generality, any simulated TM M has the following restrictions: (i) M’s
tape alphabet is X = {0, 1}, (ii) for all ¢; € Q, 7 satisfies 1 < ¢ < |Q), (iii) f is total,
(iv) M’s start state is gy, (v) M has exactly one halt state ¢ and its transition rules are
of the form (¢, 0,0, L, q/q|) and (q|¢, 1, 1, L, q)))- Point (v) is a well-known halting
technique where the tape head is placed at the beginning of the output. The following
definitions encode M. -

Each of our five UTMs has the symbols ‘@, b and \ as part of its tape alphabet.
The symbol ) is typically used as a marker symbol while ‘@ and b are usually used to
encode M'’s tape symbols as follows.

Definition 1 (Encoding of M’s tape symbols). The binary tape symbols 0 and 1 of M
~ ~ <
are encoded asthe words 0 = ‘@@ and1 = b @.

Definition 2 (Encoding of M’s initial configuration). The encoding of an initial con-
figuration of M is of the form
Magw(a)”
~ T ~ —— Ty . . .
where g1 is M’s start state, w € {'a 'a’, b ‘a }* is the encoding of input to M given by
Definition 1, (‘a)* = @@ ‘@ --- and M is the encoding of M :

M = XP(f,q0) P (f,qig1-1)A - AP(f,@2)XP(f, q1)AF )

where the function P is defined below in Equation (2), and the word E € {¢, e, ‘@,
AbXNa, b b bXa} specifies the ending.
The initial position of U’s tape head is at the leftmost symbol of ¢;.

In the previous definition the encoding of M is placed to the left of its encoded input.
The initial position of M’s simulated tape head is indicated by the word ¢; and is
immediately to the left of the leftmost encoded input symbol. The remainder of the
infinite tape of U contains the blank symbol ‘@. The ending E varies over the five
UTMs that we present.

The encoding of M’s TRs is defined using the function P that specifies the relative
positions of encoded TRs for a given state ¢;.

P(f,qi) = E(ti,1)NE(ti,0)AE (ti,0)AE (i1 )AE' (£, ti0) 2

The encoding functions £ and £’ map TRs to words called ETRs. There is a specific
pair of £ and £’ functions for each of our five UTMs. Given what we have so far, we
need only to give £ and £’ to completely define the input to our UTMs. These functions
are given before each UTM.



2.4 UTM algorithm overview

Here we give a brief description of the simulation algorithm. The encoded current state
of M is positioned at the simulated tape head location of M. Using a unary indexing
method, U locates the next ETR to execute. The next ETR is indexed (pointed to) by
the number of b symbols contained in the encoded current state and read symbol. If
the encoded current state and read symbol together contain ¢ of the N symbols then
there will be 7 — 1 of the A markers between the encoded current state and the next
ETR to be executed. To locate the next ETR, U simply neutralises the rightmost X (i.e.
changes A to some other symbol) for each b in the encoded current state and encoded
read symbol, until there is only one b remaining. This indexed ETR is printed over the
previous encoded current state and read symbol. This printing completes the execution
of the new ETR and establishes the new encoded current state, encoded write symbol
and simulated tape head shift. Fig. 2(b) represents the tape contents of U after an ETR
of M’s has been indexed. Fig. 2(cR) and (cL) represent the two possibilities for U’s
tape contents after an ETR has been printed. To give more details we decompose the
algorithm into four cycles.

Cycle 1 (Index next ETR)
In Cycle 1 U reads the encoded current state and read symbol and neutralises markers

to index the ne{x_t ETR. Initially U’s tape head scans to the right and when it reads a b
it changes the b to some other symbol. U’s tape head then scans left to neutralise a A

marker. This process is repeated until U reads the substring b ‘@ while scanning right.
This signals the end of Cycle 1 and the beginning of Cycle 2.

Cycle 2 (Print ETR)

Cycle 2 copies an ETR to M’s simulated tape head location. U scans left and records
the next symbol of the ETR to be printed. U then scans right and prints the next symbol
of the ETR at a location specified by a marker. The location of this marker is initially set
at the end of Cycle 1 and its location is updated after the printing of each symbol of the
ETR. This process is repeated until the end of the ETR is detected causing U to enter
Cycle 3. The end of the ETR is detected by U encountering the marker or neutralised
marker that separates two ETRs.

Cycle 3 (Restore tape)

Cycle 3 restores M’s encoded table of behaviour after an ETR has been indexed and
printed over the old encoded current state and encoded read symbol. U scans right
restoring M to its initial value. This Cycle ends when U encounters the marker which
was used in Cycle 2 to specify the position of the next symbol of the ETR to be printed.
When U’s tape head reads this symbol U enters Cycle 4.

Cycle 4 (Choose read or write symbol)

This cycle either (i) begins the indexing of an ETR or (ii) completes the execution of
an ETR. More precisely: (i) if U is immediately after simulating a left shift then this
cycle reads the encoded read symbol to the left of the encoded current state, (ii) if U is
simulating a right shift then this cycle prints the encoded write symbol to the left of the
encoded current state. On completion of either case Cycle 1 is entered.



3 Construction of Us 11

Our first machine is in class UTM(3, 11) and is denoted Us 11. As usual let M/ bea TM
that is simulated by Us 1.
?2

Definition 3 (J\//.T’s start state). The start state of M is encoded as G = @l

Recall that M is the encoding of M and is defined via the functions £ and £’. The
functions £ and £ map to words over the alphabet of Us ;1. These functions encode
TRs and are given by Equations (3) and (4) respectively. We denote the words defined
by £ and £’ with the acronyms ETR and ETR’ respectively.

We use a shorthand notation for TRs. We let ¢; ,, = (¢, 01,02,D,¢,), that is
ti. o, denotes the unique TR in M with initial state ¢; and read symbol o;. Also ¢ =
(qw, 01,02, R, q;) and t%! = (g, 01, 02, L, q;); we write 3t to mean that there exists
a TR which shifts right and has ¢; as its next state (there may be zero or more such TRs).

Lett = (¢z,01,02, D, qy) be afixed TR in M, then ¢ is encoded via P using the
function & on its own or in conjunction with &’ where

ea(t) po(t) if D=R, 0y =0,
hea®) pb(t) if D=R,09 =1,

€ t): a(t)—1pb(t) H ’ (3)
e h*Weee ifD =L,09 =0,

e/ O=1ptehe ifD =L oy = 1,

and
eatT ) =BpbT N2 jf R g oL gy
E'(f,t) = ePl@lI=3p4 if g = qu, )
. if =3t ¢, # ¢,

where as before ¢%@ is any right shifting TR such that +** - ¢, the functions a(-) and
b(-) are defined by Equations (5) and (6), e and h are tape symbols and e is the empty word.

a(t) = 5|Q| +2 —b(t), ®)
b(t) = 2+zy:19(t,j), (6)
where g(-) is given by -
5 ifj <y,
g(t,j) =3 HD=0L,j=y, O

0 ifD=R,j=uy.

Definition 4 (Encg_ding of M’s current state). The encoding of M’s current state is
—
of the form ‘@ * b 2 b *{‘@ U €} and is of length 5|Q| + 2.

The value of E from Definition 2 for Us 11 is E = e.



ETR Transition Rule|  ¢f%® for &’ b(t) a(,t)
E(f t1,0)
E(t11) |a@1,1,0, R, q1 240=2 15
E(t1,0) |91,0,1, R, g2 2454+0=7 10
E(t1,0) |91,0,1, R, g2 2454+0=7 10
E(t11) |@1,1,0,R,q1 240=2 15
E'(f,t2,0) |42,0,0,L,q2| q1,0,1, R, q2 24+54+0="7 10
E(t2,1)  |g2,1,1,L,q3 245+54+3=15 2
E(t2,0) |g2,0,0,L,q2 24+5+3=10 7
E(t2,0) |q2,0,0,L,q2 24+5+3=10 7
E(t21) |g2,1,1,L,q3 2454+54+3=15 2
E'(f,ts,0) |gs,0,0,L,qs3 null null null
E(ts,1) g3, 1,1,L,q3 245+54+3=15 2
E(ts,0) |93,0,0,L,q3 245+54+3=15 2
E(ts,0) |93,0,0,L,q3 245+5+3=15 2
E(tsa) |g3,1,1,L,qs3 245+54+3=15 2

Table 1. Values for the a(-) and b(-) functions for each ETR of M.

Example 1 (Encoding of M;). Let TM M1 = ({q1, 2,43}, {0,1},0, f, ¢1, {q3}) where
fis defined by (¢1,0,1, R, g2), (¢1,1,0, R, q1), (¢2,0,0, L, g2), (g2, 1,1, L, g3),
(¢3,0,0,L,qs) and (gs, 1, 1, L, g3). From Equation (1) M; is encoded as:

My = MP(f,a3)AP(f, a2)AP(f.q1) Ae

J\//;/\l 'S start state is @15 b 2. Substituting the appropriate values from Equation (2) gives

My =XE(t31)AE(t5,0)AE (t3,0) AE(ts 1)AE" (f, t3.0)
AE (t2,1)AE (t2,0) AE (t2,0)AE (t2,1)AE' (f, t2,0)

) )

)\g(tLl))\g(tl’o)Ag(tLo)Ag(tLl)Ag/(f7 t1’0)>\6

Rewriting this using Equations (3) and (4) and the values given in Table 1 gives the
word

]\//;[\1 =XehPehelehPeecereh Pecereh®ehedereh P ehere®hCeee) ®)
e®n'%eeren Behere” WO Xe'* B2 Ahe AT Ahe O R NeP 2 Ae! 2Rt e

To aid understanding, note that a key property of P from Equation (2) is that it
creates five ETRs in M for each state in M. Hence five ETRs encode two TRs. Our
reason for this is because of the algorithm used by our UTMs. When executing an
ETR, the algorithm makes use of the direction of the previous tape head movement of
M. The leftmost ETR given by Equation (2) simulates execution of TR ¢; ; following
a simulated left shift. The second ETR from the left simulates execution of TR ¢;
following a simulated left shift. The rightmost ETR and the middle ETR are both used
to simulate execution of TR ¢; o following a simulated right shift. Finally the second
ETR from the right simulates execution of TR ¢; ; following a simulated right shift. For
a given state ¢; and a given ¢+, the function P places the encoding for the TR with
read symbol 0 to the right of the encoding of the TR with read symbol 1. For a given
tf1, P places the encoding of ¢; ; between the ETR and ETR’ that encode ¢; o.

In our simulation, the number of b symbols in the encoded current state is used as
a unary index to locate the next ETR to be executed. The functions a(-) and b(-) defined



by Equations (5) and (6) give the ratio of e to A symbols in an ETR. The number of
h symbols in the ETR being executed defines the number of b symbols in the next
encoded current state (g,). The word P(f, ¢,) gives the ETRs that encoded the TRs
for state g,. Hence the next ETR to be indexed is a subword of P(f,q,) and b(-) is a
summation dependant on all encoded states ¢; such that j < y. The function g defined
by Equation (7) is used by b(-) to calculate the number of ETRs in each g;. The first
value of g corresponds exactly to the number of ETRs given in P (Equation (2)). The
final two values of g define whether the encoded current state the ETR establishes points
to the rightmost ETR (g = 0) in the list of ETRs for a state, or to the fourth from the

right (g = 3).
3.1 Us,11 and its computation

Definition 5 (Us,11). The TM Us_ 1y is defined as Us 11 = ({u1, u2,us}, {@, b e, h, €,
— —
h,€, h,\d,~}, @, f,ur,{us}) where f is given by the following transition rules.

T TR — I T
u, a, €,1r,uy U2, @ ,7, L, U2 us, a, a,Ll,us
— — — —
Ul,b,e,R7U2 u27b7b7L7u1 U3,b,e,R,u1
e, L e,R R
Ui, €, €,L,u1 uz, €, €, 1, Uy us, €, €, 1, Uy
— < —
Ul,h,h,L,Ul UQ,h,h,R,UB u37haa'vL7u1
= SR = e R = TR
ui, €, €,v, U Uz, €,€, 11, U2 us, €, €,1,u3
— — — —
Ul,h,h,R,Ul U,Q,h,h,R,UQ ’U,g,h,h,R,Ug
< 7 L < 7 L — T
Ui, €, €,L,uy U2, €, €,L,U2 us, €,7, L, U2
— — — — —
Ul,h,h,L,Ul ’LLQ,h, ,L,UQ u37hvavau3
ula)\véaRvul UQ,)\,)\,R,UQ UB,)\,(S,R,Ug
u1,5,>\,L,u1 u275a)\7Lvu2 U3,5,
— — —
Ul,'}/,a,L,Ug UQ,’Y,h,R,Ug us, v, b7L7u3

We give an example of Us 1; simulating a TR of A/; from Example 1. This simula-
tion is of the first step in M ’s computation for a specific input. The example is broken
down into the 4 cycles given in Section 2.4. The current state of Us ;; is highlighted in
bold font, to the left of Us 11’s tape contents. M ’s encoded read and write symbols are
also highlighted in bold font. The position of Us 11’s tape head is given by an underline.
In the sequel we use the term overlined region.

Definition 6 (Overlined region). The overlined region exactly spans the encoded cur-
rent state (has length 5|Q|+2) except on completion of reading an encoded read symbol
(has length 5|Q| + 4). In the latter case the overlined region exactly spans the encoded
current state and read symbol, until the next encoded current state is established.

Example 2 (Us 11’s simulation of TR ¢1 1 = (¢1, 1,0, R,¢1) from TM M;). The start
state of Us 11 is uy and Us 11’s tape head is over the symbol directly to the right of
M, (as in Definition 2). In this example M, s input is 101 (encoded via 0 = @ ‘@ and
1= °@). M, is in start state ¢ with encoded read symbol 1. Thus the initial config-
uration of U is:

W (AENENENENE PAcT @D b b'aaa

T
baa¥



Cycle 1 (Index next ETR)

-
ul,a e , R,uq U, a7, L, us U1, e, e s Ly ug
—
ul,b,e R, us us, b, b, L, u; ul,h h , L,uq

—
ul,e,e R,uy ul,e,e L,uq
Ul,h,h,R,Ul Ul,h,h,L,Ul
Ul,A,é,R,U;l ul;A757R7ul
'U,l,(s,)\,L,Ul

In Cycle 1 the leftmost block of TRs (above) reads the encoded current state. The right-
most block scans left and neutralises markers to index the next ETR. The middle block
decides when the cycle is complete. In state w; Us 11 scans the encoded current state

from left to right; each b is changed to ‘e and Us 11 then enters state uo to see if it is
finished reading the encoded current state and encoded read symbol. Us 1 is simulating
TR ¢1,1 which is encoded by £(¢1,1). Hence we have replaced the shorthand notation £
with the word e!®h? defined by £(¢1,1). The word e'®h? appears in the location defined
by Equation (8). After the initial configuration we have:

Ut AEAENENENE ) Z(AE PP A R2AE NeE T 4D b baTa b aa®
wr (AEAEAEAENE )2(AEVP AP R2AE e T 1D b baTa b aa?
Us AEAENENENE )2 (AE PP A R2AE NeE15C b b T a T b T a”

The leftmost (3 is changed to an e . Us.11 then moves right to test if it is finished read-

ing the encoded current state. If not, Us 1; reads another 7 then scans left in state u;
and neutralises the rightmost A marker:

wy AENENEAENE)Z(AE)B AT R2NENE € 15¢
w AEAENEAENE )Z(AE NP R2NE S E €15 E

Having neutralised a A, Us 11 scans right in state «; searching for the next T.

wr (AENENENEAE )2(AE)P ABR2NE S e e b b'aaa b aa
The neutralisation process is repeated until the end of this cycle. Thus the number of b
symbols index the next ETR to be executed. Us 1; will know it has finished reading the

encoded current state and read symbol when Us ;; reads a ? in state w1, rights shifts
to test for the end of the encoded current state, and reads an ‘@ in state u.

«—

ut(AENENEAENE (AP A h2SE se e Be e baaa b'aa®

baaaba
us(AENEAEAENE 2 (AE PP AP h28E S e Be e ‘eaa b aa”
us(AENEAEAENE' 2 (AEP AP h2GE S e Be € ‘eya'a b 'a'a® (1)

In configuration (1) above Us 1 has entered Cycle 2. Also, the overlined region is now
extended to include the encoded read symbol as this has been read and thus recorded in
the same manner as the encoded current state.



Cycle 2 (Print ETR)

U2,a,% , U2 uy, €, €,11,U1 us, €, €,11,us3
— —
U2, €, e , R, uq ui, h, h,R,uy us, h, h, R, us
«—
us, h, h RU3 ul,)\éRul us, €., L, us
—

uz,e,e L, us u1,7, @, L, us U3,)\,(<SLR,U3
Ug,h,h,L,Ug us, v, b,L,Ug
UQ,)\,)\,R,UQ

u2567)‘7Lau2

This cycle copies an ETR to M’s tape head position. The leftmost block scans left and
records the next symbol of the ETR to be printed. The two right blocks scan right and
print the appropriate symbol. In the configurations below, Us 1, scans left until a A is
read. Then Us 11 right shifts and records this h by entering us.

us(AEAEAENENE ) 2(AE PP AP hhoE 5 & e r'a'a b 'a'a®
us(AENEAEAENE 2 (AEP AP hIAE N E €T en'a T b
us(AENEAEAENE P(AEP AR R AENE e eyaa b @

Us.11 now scans right until it reads a 7 and prints the recorded symbol.
—

us(AEAENEAEAE )2 (AE)* A5 T 6E'6C € 1T e v'a ‘a b a @™

a
e
a a

w

< 9

—

us(AENEAEAENE Z(AEP AR R E ST € TE b T

— T ——
abaa?

us(AEAENENENE ) 2(AE VAR T 6E5°E €Ty b Ta b ‘aa™

This printing process is iterated until Us 15 is finished printing the ETR. The completion
of this process occurs on reading a A in state us:

Us(AEAENENENE ) 2Z(AEVPAE S R 2AENE T T b 2T T b a T
Us(AEAENENENE 2ANEPAE P 2AENE T a5 b 2aa D a T
0

Cycle 3 (Restore tape)

—
Uz, € 7€7Rau2
—
U2, h7haR7u2
U'27)‘5A7R7u2
—

U2, 7%, h,R,Ug

These TRs restore M’s simulated tape and encoded table of behaviour. This cycle is
entered from Cycle 2 (Print ETR). In Cycle 3, Us 11 moves right restoring each ¢ to
an e and each h to a k. This continues until Us 11 reads a +y, switching Us 11’s control
to us. Thus the configuration:

— —

uQ(AE/\é’AE/\S/\E’)Q(/\5)3/\e15h2/\8’)\eel‘6<514 b2aa baavw
becomes:

. - — —
ug(AEAEAENENE )2 (AE)3 N Ph2NE! Nee ha‘a™b

—
——
baav

1
f
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Cycle 4 (Choose read or write symbol)

T T L
uz, a, a,Ll,us
—
usz, bvevRaul
U;g,@,?,_R,Ul
U3,h, CL,L,Ul
—
—
usz, h7 CL,L7U,3
UB,)\,(S,R,U;?,
U3,5,

This cycle either (i) begins the indexing of an ETR or (ii) completes the execution of
an ETR. More precisely: (i) if Us 1, is immediately after simulating a left shift then this
cycle reads the encoded read symbol to the left of the encoded current state, (ii) if Us 11
is simulating a right shift then this cycle prints the encoded write symbol to the left of
the encoded current state. Case (ii) follows:

uz(AEAEAEAEAE )Z(AE)P NP h2NE Nee ‘T @14 b 2T T b ‘@@
Uz AEAENENENE )Z(AEVPABR2AE Nee T TT U 2T T b aa™
Ut (AEAEAEAEAE )2Z(AEP NP R2NE Nee'T T T4 b 2T T b aa®
Ut (AEAEAEAEAE )Z(AE) AP h2NE NeeT T T4 b 2T T b 'aa” ()

In configuration (I1) above we have shortened the overlined region; the two symbols
e‘e to the left of M ’s encoded current state encode the write symbol 0.

The example simulation of TR ¢11 = (g1, 1,0, R, q1) is now complete. As Us 11
simulates M the encoded tape contents to the left of the simulated tape head is encoded
as e and h symbols (i.e. 0=ceand1 = he). The contents to the right is encoded as
‘@ symbols and b symbols (as in Definition 1). This is not a problemma as Us 11
simulates halting by moving the simulated tape head to the left end of the tape. As a
result the entire encoded tape contents of the TM are to the right of the tape head and
so are represented by ‘@ and b symbols.

In configuration (1) above the encoded write symbol 0 has been written as the string
e‘e and will become ee after the next ETR has executed. The new encoded current
state satisfies Definition 4. The new encoded current state (M;’s simulated tape head)
is configured so Us ;; reads the next encoded read symbol to the right when searching
for the next ETR. The ‘@ that signals the end of the encoded current state is provided
by the next encoded read symbol 0.

Remark 1. If the first read symbol of Example 2 is changed from a 1to a0, then one

less b is read when indexing the next ETR. This indexes the rightmost (rather than the
second from the right) ETR.

4 Proof of Correctness of Us 11

In this section we prove that Us 1, correctly simulates a number of the possible types
of TRs. We then extend these cases to all cases thus proving the correctness of Us 11°s
computation.
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Lemma 1. Given a valid initial configuration of Us 11, the encoded start state indexes
the ETR defined by £(¢1 1) if M’s read symbol is 1 and £'(f, ¢1,0) if M’s read symbol
is 0.

Proof. The encoded start state contains exactly 2 b symbols. From Example 2 when
Us 11 reads a 1 in state ¢1 it neutralises two A\ markers thus locating the second ETR
from the right. By Definition 2 and Equation (2) this ETR is defined by £(¢1.1). From
Remark 1 and Example 2 when Us 1, reads a 0 in state q1 it neutralises one )\, thus
indexing the rightmost ETR defined by £’(f, t1,0). 0

Example 3 (Us.11’s simulation of TR ¢1 9 = (1,0, 1, R, ¢2) in My). In this example
Us.11 is reading a 0 after a right shift. The right shift was given by the simulation of
t1,1 = (q1,1,0, R, ¢1) in Example 2. This unique case involves two steps, executing an
ETR’ and then an ETR. The execution of an ETR’ is represented by parts (a) and (b) of
Fig. 3 and the execution of the subsequent ETR is represented by parts (c) and (d) of
Fig. 3.

We take the last configuration of Example 2, with the encoded read symbol 0 =
‘@ ‘@ to the right of the encoded current state. Substituting the appropriate ETR’ e'2h*
from Equation (8) gives:

ur (AEAEAEAEAE )2(AE) Ne2hiNeeT T 5 b ba'a b a‘a®
Us(AEAEAEAENE )2(AE) Ae2hise e e e i e ena b aa®

In the configuration immediately above we have reached the end of Cycle 1 (Index next
ETR). One X has been changed to a é indexing the ETR’ e'2h%. The b G that signaled
the end of Cycle 1 was provided by the rightmost b of the encoded current state and
the leftmost ‘@ of the encoded read symbol. Thus, only the leftmost ‘@ of 0=%%
was read and this is sufficient to distinguish 0from1 = b @ However the overlined
region does not cover the entire encoded read symbol which is why an ETR’ executes
before an ETR in this unique case. Skipping to the end of Cycle 2 (Print ETR) gives:

s NEAEAENENE ZNEY A C P A e e eryaa 1l bia b aav

e —
i e
IXe?htheeeeraal b4a b a @

up(AEAENEAEAE)2(A

( )*(AE)
uz(AEAEAEAEAE )2(AE) N 2hiNecee h Ta b 4T b @
uzs(AENENEAEAE )2(AE) e 2h heeee h ‘@ @11 b g b ‘a ‘@
uz(AEAEAEAEAE)2(AE) Ne2hiNececTTT N D 4T b @

)

ur (AEAEAEAEAE)2(AE) Ne 2 hihececT T T b 4T b @ ‘a™

At this point Us 11 has executed the ETR’. Us 11 now executes the ETR that represents
the second step of the simulation of TR ¢ . This ETR is defined by £(¢1 o). Substitut-
ing the ETR he'®A7 from Equation (8) into the configuration immediately above gives:
ur (AEAEAEAEAE )2 (AE)2 AR OhT NENE Aeeee’T @ T b 4G b ‘@ @™

We now skip to the end of Cycle 1 (Index next ETR) giving
Up(AENENEAEAE)Z(AE)2 Ahe ORT5 € 6E' gseee ey

us(AENEAEAENE ) 2(AE2 AheOh TS € € 6'e € T e oy b ‘T a™ D

12



Encoded current state  Encoded read symbol

@)

(b) [

© |
Encoded write symbol

(d) 133 ]

Fig. 3. Right shift simulation (special case). The Encoded current state marks the location of
M’s simulated tape head. The configurations given in (a), (b) and (c) represent the reading of
the encoded current state and an encoded 0 following a right shift. (a) Encoded configuration
before beginning the TR simulation. (b) Intermediate configuration after the encoded current
state and first symbol of the encoded read symbol have been read. (c) Intermediate configuration
immediately after the remainder of the encoded read symbol has been read. (d) Configuration
immediately after the simulated right shift.

Notice that the ETR is indexed by neutralising 3 A markers and the second part of the
0 has been consumed in this process. We now skip to the end of Cycle 3 (Restore tape)
and illustrate a 1 being written to the left of the encoded current state:
us(AENEAEAENE 2 (AEVPAT TR TAENENE T b T0b 7D

——
baav

us(NEAEAENEAE )2 (AE) Mhe ORTAENE Aeeer' b T OB TH T T
us(AENENEAEAE)Z(AE)2 Ahe O AENE Neee hh b @0 T b ‘TG

Ut AEAENENENE )2 (AE)2 AR O AEAE Neec h e b 7b ‘T T

In the configuration immediately above the write symbol is positioned to the left of
the new encoded current state. Recall that to the left of the simulated tape head the

symbol 1 is encoded as he. The 7 will become a h after execution of the next ETR.
The new encoded current state satisfies Definition 4 and the simulation of TR ¢1 0 =
(q1,0,1, R, g2) is complete.

Lemma 2. Given a valid configuration of Us 11, the encoded current state ¢, and en-
coded read symbol &7 index the ETR £(¢,.5, ).

Proof. M is a list of ETRs, five ETRs for each state (pair of TRs) in M. The number of
b symbols, in the encoded current state ¢,,, index the next ETR to be executed. In the
encoding, the function b(-) determines the number of b symbols in the next encoded
current state. The function b(+) is defined as a summation over g(-) for j, 1 < j < z.

For each j < «z, the function g(-) always has value 5, hence there are at least
(z — 1)5 juxtaposed b symbols in ¢,. The state ¢, is encoded using five ETRs. When
j = z,then g = 0 or g = 3; giving a total number of b symbols that point to the first
or fourth of these five ETRSs.

Any encoded current state ¢,,, was established by execution of an ETR r. The ETR r
encodes shift direction D,. and next state ¢,.. The location of the ETR that is indexed by
= is dependant on the shift direction D,. of ». When D,. = L and j = x then g(-) = 3;
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when this 3 is added to (z — 1)5 this indexes the 4" ETR (from right) of the ETRs for
=~ Using this value ((x — 1)5 + 3) we get Case A and Case B below. For clarity at this
point note that D,. is the shift direction of the ETR r that established ¢, and o7 is the
read symbol that is read with ¢, to index the next ETR £ (t5 o, ).
Case A: (D, = L,o1 = 0). 0 = ‘@' adds no extra b symbols to the list of b
symbols in ¢, thus the number of N symbols is given by ¢(-) alone and indexes the 4™
ETR (from right). By Equation (2) thisis £(¢.0).
CaseB: (D, =L,01 =1). 1= "0z adds one extra b to the list of b symbols in ¢,
thus indexing the 5" ETR (from right). By Equation (2) this is £ (¢, 1).

When D,. = Rand j = z then g(-) = 0. Adding this 0 to (x — 1)5 we get Case C
and Case D.

~ — — —

Case C: (D, = R,01 =1).1 = b ‘a adds oneextra b to the list of b symbolsin ¢,
thus indexing the 2" ETR (from right). By Equation (2) this is £ (t,.1).
Case D: (D, = R, o1 = 0). Case D is a unique case in which Us 1, simulates a TR ¢
with read symbol 0, immediately after a right shifting TR ¢/%* (i.e. t%* + t). In such
a case t is encoded as 2 ETRs using £ and £’. The encoded read symbol 0="%%
adds no extra b symbols thus indexing the rightmost ETR, denoted ETR’. This ETR’
is given by the function £ and establishes an intermediate encoded current state ¢’
that indexes another ETR that in turn completes the simulation of ¢. This other ETR is
positioned 2 ETRs to the left of the ETR’. Hence in Equation (4), /% is passed to b(-)
as a parameter (instead of ¢) and £’ adds 2 b symbols to index the ETR 2 places to the
left of ETR’. By Equation (2) thisis £(¢4.0). O

Examples 2 and 3 give simulations of right shifting TRs with the later case covering
the special case of reading a 0 after a right shift. Example 4 gives the simulation of a
left shifting TR.

Example 4 (Us 11’s simulation of TR t31 = (g2,1,1, L, g3) in M;). We take the last

configuration of Example 3, with 1= tothe right of the encoded current state.
Substituting the appropriate ETR from Equation (8) gives:

ur (AE)IAE (AE)P Aeh Behe s’ (A AE Aeee h '@ b 7
We now skip to the end of Cycle 1 (Index next ETR) giving:

— —
us(AE)AE'(NE)PAehPehesE (5 € Y46E 8 T 'e h e e y'av (V)

—
aa"

Notice that the ETR is indexed by neutralising 7 A markers reading the T in this process.
Next the ETR eh!®ehe is printed and we skip to the end of Cycle 2 (Print ETR):

us(AEYAE'NEPP AT R B E h @68 (§€)* S 6€€E hra b15a b'aa”
Skipping to the end of Cycle 3 (Restore tape) gives:
us(AE)INE (AE)P Aeh 15 ehe AE! (AEYINE Neeehy T b 15T

Do V)
In configuration (V) above the correct write symbol (T = ?Z) has been placed to the
right of the encoded current state. The new encoded current state satisfies Definition 4

and the simulation of TR ¢; 1 = (¢2,1, 1, L, g3) is complete.

Remark 2. We show how Us ;11 reads an encoded read symbol following a left shift. In
this case the encoded read symbol is to the left of the encoded current state. Immedi-
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ately after configuration (V) of Example 4 we would get

uz(AE)INE (AE)3 Neh P eheAE (NE)INE! Aeeeh'h ‘@ a D157 b T A
uz(AE)AE' (AP Aeh P ehe & (AE)*AE Neechh ‘@ b 153G b @ a®
us(\E)* AE (AE)PAeh 5 che AE'(AE)*AE Aeech'T @ b 15T b @ G¥ V1)
ur (AE)IAE' (AE)PAeh P ehe & (AE) AE Neec'TTa b 15T b ‘T @™ (VII)

In configuration (VI1) above the overlined region is extended as the encoded read sym-
bol has been read. Us 11 has begun to index the next ETR and is moving to the left to
neutralise a A. The rightmost symbol of the encoded read symbol (which for left shifts
is always e) was previously overwritten with a v and this was eventually changed to
ah. Only the leftmost symbol of the encoded read symbol must be recorded. If the
read symbol was a 0 = ee then Us 117s tape head would have read an e instead of a h
in configuration (V1) above, sending Us 11’s tape head right instead of left. This would
result in one less A being neutralised. This process records the difference in the encoded
read symbols ee and he.

Continuing from configuration (V11) immediately after the next ETR has been in-
dexed, we have the following configuration:

ughehehe(5E 136E (6 € V46E 20T T T e ™y b T av (V1)

Lemma 3. Given a valid configuration with the encoded current state g then Us 11
halts.

Proof. Recall from Section 2.3 that for all M the TRs for the halt state g/ are left

shifting and have q¢) as the next state. Thus when M enters @ Us 11 then simulates
repeated left shifts. These left shifts continue until the left end of M ’s simulated tape is
reached. When the simulated tape head is attempting to left shift at the left end of the
simulated tape then Us 11’s always has the following configuration:

us(NEAEAENEAE PP My T T+ b2 b *T (b T U TT) T
3OENENEAENE )3\ ?E‘E*T?T*‘E(TU uTa) T
us(AEAEAENENE AL T a* b2 b T (b T uTa) av
usVEAEAENENE AT T T 02 T (b T uaTa) av
usVEAENENENE VST T T 02 b T (b T uTD) av
us(AENEAENENE 30T T a* 020 a (b a uaa)av
There is no TR for "when in state u3 read a §” in Us 11 so the simulation halts. |

Lemma 4. Given a valid initial configuration of Us 11, immediately after the first ETR
of a computation is indexed, the overlined region is of the form ‘e ®/Q1+3+,

Proof. The encoded start state ¢; in an initial configuration is of the form @l 2,

Example 2 gives the case of reading a 1 in the encoded start state ¢; . In this case ¢; and
-~ < ~
1 have both been read, that is the b and ‘@ symbols of ¢; and 1 have been changed
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to “E ‘symbols and the rightmost ‘@ is replace by ~. This gives and overlined region of
€ olQ+3,,

The other case is reading aﬁAin state ¢1. By definition the 0is located immediately to
the right of 1. When reading a 0 on the right there are two steps; executing an ETR’ and
then an ETR. From Lemma 1 we know that £'(f, ¢1,0) is indexed. From Example 3 we
know that the entire 0 is read after a subsequent ETR is indexed immediately following
execution of an £’. Thus the b and ‘@ symbols of ¢; and 0 have been changed to

‘e symbols and the rightmost ‘@ is replace by ~. This gives and overlined region of
?5@\4‘3% 0

Lemma5. Us 11 simulates any TR of any deterministic TM M.

Proof. The proof is by induction on the form of the overlined region. The base case is
given by Lemma 4; after the first ETR is indexed then the overlined region is ‘e 2/<l+3~,

We will show that immediately after any ETR is indexed, the overlined region is
e 5IQI+3,,

Assume that the overlined region is e ®/?l+3~ immediately after indexing an ETR
& inthe simulation of timestep ¢ of M’s computation. Let &5 be the ETR that is executed
immediately after &. We now show that the overlined region is ‘€ °/©@I*3~ immediately
after indexing &5 in the simulation of timestep 7 + 1.

The four cases of ETRs are defined by Equation (3). In Examples 2, 3 and 4, three of
these cases are shown to execute correctly on an overlined region of the form e 2/QI+3~,
We use Example 4 to verify the remaining case (left shift write a 0) by substitution of
the ETR defined by case 4 of Equation (3) with the ETR defined by case 3.

We show that the four cases given above for &; executing on an overlined region
of e®lQ+3~, will result in the overlined region being ‘€ 51<9I+3~ immediately after &,
is indexed. When &, is indexed simulation of timestep 4 will have been completed and
simulation of timestep ¢ 4+ 1 will have begun.

Case 1 of Equation (3): Examples 2 and 3 verify Case 1. In configuration (1) above (in
simulation of timestep ¢) the overlined region is e °9!*3~ and the ETR &; indexed is
defined by Case 1 of Equation (3). In configuration (I11) above (in simulation of timestep
i + 1) the next ETR &, has been indexed and the overlined region is e °1@Q1+3+.

Case 2 of Equation (3): Examples 3 and 4 verify Case 2. In configuration (111) above
(in simulation of timestep ) the overlined region is ‘e /@3~ and the ETR ¢&; indexed
is defined by Case 2 of Equation (3). In configuration (IV) above (in simulation of
timestep i + 1) the next ETR &, has been indexed and the overlined region is € 51@Q1+3~,
Cases 4 of Equation (3): Example 4 and configuration (V111) verify Case 4. In config-
uration (1V) above (in simulation of timestep ) the overlined region is ‘€ °//*3~ and
the ETR &; indexed is defined by Case 4 of Equation (3). In configuration (VI11) above
(in simulation of timestep ¢ + 1) the next ETR &3 has been indexed and the overlined
region is ‘e °1Q1+3+,

Cases 3 of Equation (3): Case 4 also verifies Case 3 by substitution of the ETR defined
by Case 4 of Equation (3) with the ETR defined by Case 3.

We have shown that the overlined region is ‘e ®<*3~ immediately after any ETR
is indexed. From Examples 2, 3 and 4, each ETR executes correctly on an overlined
region of ‘e °19I*+3+, This establishes the correct simulated tape head location, encoded
write symbol and an encoded current state that satisfies Definition 4. By Lemmas 1
and 2 the encoded current state indexes the correct ETR. Due to the relative lengths of
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the encoded current state and overlined region the above mention examples generalise
toany TR of any TM M. O

Let M be a deterministic TM with |Q)| states and time complexity 7'(n) on input
length n.

Theorem 1. Us 11 simulates any TM M in space O(|Q|? + T'(n)) and time
O(|QIPT(n) + |QIT?(n)).

Proof. By the previous lemma Us 1; simulates any TR. Thus given a valid encoding of
M’s initial configuration (Definition 2), Us 11 simulates the sequence of TRs in M’s
computation. From Lemma 3 when Us 1; simulates the halting state of M, Us 11’s tape
head returns to the left end of M’s encoded output and halts. The encoded output is
easily decoded via Definition 1.

(Space). At time T'(n) the space used by M is bounded by T'(n). Simulator Us 11
requires space O(|Q|?+T'(n)), where O(|Q|?) space is required to store M as the word
M and O(T'(n)) space is required to store M/ ’s encoded tape after 7'(n) simulated steps.

(Time). Simulating a TR involves 4 cycles. (1) Index an ETR by neutralising O(|Q|)
of the A markers: O(|Q|® + |Q|T'(n)) steps. (2) Copy an ETR of length O(|Q|) from
M to the encoded current state location: O(|QI? + |Q|T (n)) steps. (3) Restore Us 117s
tape contents: O(|Q|? + T'(n)) steps. (4) Complete execution of ETR: a small constant
number of steps. Thus Us 11 requires O(|Q|* 4 |Q|T'(n)) time to simulate a single step
of M, and worst case O(|Q|>T'(n) +|Q|T?(n)) time to simulate the entire computation
of M. ad

This result holds for more general definitions of TMs. For example, let M’ be a deter-
ministic multitape TM with bi-infinite tapes and greater than two symbols. M’ would
be converted to a two symbol, one-way-infinite single tape TM M. The number of
states in M would be only a constant times greater than the state-symbol product of
M’ also M would be at worst polynomially slower than M. Thus, Us 11 simulates M’
in polynomial time. We get the following immediate corollary.

Corollary 1. There are polynomial time UTMs in UTM(m, n) forall m > 3, n > 11.

5 Polynomial time Curve

In the section we further extend our result from the previous section by finding small
polynomial time UTMs in other classes. Thus we establish a polynomial time curve
of small UTMs similar to what Rogozhin [5] has done with Minsky’s [4] exponential
UTM in UTM(7,4).

All UTMs in this paper use the same basic algorithm as Us ;1. The proof of correct-
ness given for Us ;; can be applied to the remaining machines in a straightforward way,
s0 we do not restate them. The encoding of the input and operation of these UTMs is
the same as Us 11 unless noted otherwise. Each UTM makes use of specially tailored £
and &’ functions.
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5.1 Construction of Ug ¢

a5

For Us ¢ the start state of M is encoded as Q= QI b2 . The encoding of the current
—
state is of the form @* b 2 b *{'a U ¢} and is of length 5|Q| + 2.
Lett = (¢z,01,02, D, qy) be afixed TR in M, then ¢ is encoded via P using the
function £ on its own or in conjunction with £” where

G Gatn-37 ifD=R,00 =0,
b o) Gatn+1 if D =R, 00 =1,
EM=1 ey ma( 25 9)
aaab a*® b ifD=Loy,=0,
TOT D OGO D=L, 0, =1,
and - -
b b(tR'm)+2<—a( tfhey_5 b if EltR,:r’ 0o # 1,
E'(f,t) =1 brgvlal-sy if ¢ = q1, (10)
€ if _EltR’w, qx # q1,

where as before ¢ is any right shifting TR such that ¢/* - ¢.
The value of E from Definition 2 for Us ¢ is E = @.

Example 5 (Encoding of TM M5). Let TM My = ({q1, 42}, {0,1},0, £, q1, {g=}) where
f is defined by (qlLQ,O,R7 q1), (¢1,1,1, R, q2), (q2,0,0,L,q2) and (g2,1,1, L, g2).
M is encoded as: Ma = AP(f, q2)\P(f,q1)\E. Substituting the appropriate values
from Equation (2) gives

My =AE(t2.1)AE (t2,0)AE (t2,0)AE (t2.1)AE! (f, t2.0)
AE(t11)AE(t1,0)AE(t1,0)AE(t1,1)AE (f, t1.0)AE
Rewriting this using Equations (9) and (10) gives
My =)Tbab 11x—<—‘— b 11x—‘—<— blAT DIl
AD NS TTOAD2TTOAD 2T O AD TTOND YT AT
Definition 7 (Us,o). The TM Us,g is defined as U g = ({u1, 2, s, s, us, s}, (7.,

(11)

@, b N0 T

U, a‘7 a‘7R7ul

—
—

U, ba a‘7R7u2
—

Uy, a, a‘7R7ul
—

u2, a,)\,L,u4

— —

u2, b7 b7L7u3
—

uz, a, G,R,UQ

, fyu1, {us, us, ug}) where f is given by the following transition rules.

usz, Cl, CL,L7U,3
—

—

Uus, b7 b7L7u3
—

us, a

— — — —

Ul,b,b,R,Ul UQ,b,b,R,UQ ’U,37b7a,L,U5
—
—

ula)\v b7L7u2 'LLQ,)\, avau2 UB,)\,(S,R,Ul
U1,5,5,R7U1 U2,5,5,R,U2 U3,5,5,L7U3

T T L T T —
Ugs G5 G, LUy Us, @, a,L,Uy Ug, @

— = — —
'LL4,b,b,L,U4 u57bvavau3 u67b

— — = —
U4,G,G,R,U5 U5,G,G,R,U2 ’U,G,G,G,R,Uﬁ

— — — —
U4,b,b,R,U5 u57b7b7R7u1 ’U,ﬁ,b,b,R,Uﬁ

—

U4,)\,>\,R,U5 U5,)\ UG,)\, baRvuf)
U4,(5,5,L,U4 U5,5,A,R,U6 ’U,ﬁ,é,A,R,Uﬁ



Remark 3. There are some minor differences between the operation of Us g and Us 1.
The order of symbols in ETRs of Us ¢ is reversed when compared with ETRs of Us 11,

assuming ‘@ = e and b = h. To see this note the difference between Equations (3)
and (9). When printing an ETR, Ug ¢ reverses the order so that encoded current states
are of the same form as those in Us 11. Also M’s encoded tape symbols to the left and

~ ~ —
right of the encoded current state use the same encodings (0 = @@ and 1 = b @).
This is not the case for Us 1;.
We give an example of Us ¢ simulating a TR of M5 from Example 5. As usual the
example is broken down into 4 cycles.

Example 6 (U ¢’s simulation of TR ¢11 = (q1,1,1, R, g2) from TM M). '/I'\he start
state of Us ¢ IS u1. Us ¢’s tape head is over the symbol directly to the right of A (as in
Equation (11)) The input to My is 11 (T = ?W). Thus the initial configuration is:
ur, NENEANENENE AT T D20 D Taw

Cycle 1 (Choose read or write symbol)

— — — —

ui, a, a,R,u; uQ,a /\LU4 usz, a, a,L,us
— — —

uy, ba CL,R7U2 Uz, b b L us us, ba b,L,Ug
—

ui, a, CL,R,Ul U3,A,5,R,U1
— —

Uy, b b R,Uq U3,(5,5,L,U3

u156755R7u1

In Cycle 1 the left block of TRs (above) reads the encoded current state. The right block
neutralises A markers to index the next ETR. The neutralisation is done in the usual way

each b in the encoded current state causes a \ to be changed to a §. The middle block
decides when the cycle is complete. In state u; Us ¢ scans the encoded current state

from left to right; each b is changed to an ‘@ and Us,s then enters state us via uo.
We have replaced the shorthand notation 8 with the word b 7‘_6 defined by £(1,1).

Theword b 76 appears in the location defined by Equation (11). After the initial con-
figuration we have:

ur, ANE)YAE AEVPAD TTONENTTODL b bT b T T
uz, AE)YAE AEVPAD TTONENT TG b bT b T T
uz, AEVAT AEPAL TTNENTT 0T D bT b a T
uz, AEVAT AEPAL TTNENTT 0T D bT b T T
ut, AE)YAE NEPAD TTONE 6T TOT b baT b aa”

The neutralisation process continues until Us ¢ reads the final ? rights shifts to test for
the end of the encoded current state in us, and then reads an ‘@ . Us,6 then knows it has
finished reading the encoded current state and read symbol. Skipping to the end of this
cycle gives

Uy, (/\8) AE’(/\E BAb 7<—65€ 6<_‘_10<_‘_<_)\ b'aaw

Us ¢ has neutralised two A markers to index the next ETR.
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Cycle 2 (Print ETR)

— — — — — —
U4,CL,CL,L,U4 U5,G,G,R,U2 U’l;a7a7R7u1 ’U,Q,Cl,)\,L,U4
— — — — — — o
'LL4,b,b,L,7.L4 U5,b,b,R7U1 ulababaRvul UQ,G,G,R,'LLQ
— A\ -
U4,CL,CL,R,U5 u5567)‘7R7u6 U’laA7b7L7u2 ’U,Q,b,b,R,Ug
— -
Uy, ba b ,R,U,5 u156755R7u1 U’27)\a G,L,UQ
U4,A,)\,R,U5 U’2757 (5,R,U2
U4,(5,5,L,U4

This cycle copies an ETR to M’s simulated tape head position. The leftmost block
scans left and locates the next symbol of the ETR to be printed. The second block from
the left records the symbol to be printed or ends the cycle. The rightmost two blocks
scan right and print the appropriate symbol. In the configurations below, Us ¢ scans left
until a A is read. Then Us ¢ right shifts and records the symbol read by entering state u;
or us.

|
|
|

ug, VEVAE (ANEVAL b b5 TS T a2 aNb T a”
us, VEVAE (AEVAL b b5 T T a2 aNb T a”
u, AE)YAENEPAD b 05T 5T T ZaAb T T
ug, ANEYAE(NEVAD b b aosE ST aab baay
ug, AEVAT (ANEVAL b b5 5T a2AD baa”
us, VEVAE (AEVAY b b5TOSETTT12ND b T T

On the first pass Us ¢ located the symbol to be printed by using A as a marker On

subsequent passes Us ¢ locates the symbol to be printed by locating an @ or b This
printing process is iterated until Us.¢ is finished printing the ETR. The completlon of
this process occurs on reading a ¢ in state «s which switches Us ¢’s control to ug:

ug, NE VAT NEVPAD TG TOE STNTO b T b T T

T

—
—
b"baav

us, NE)AE (NEVPAD TTETSE 5T NTO

@TG“

——
aw

ug, VE VAT (AE VAL TTITAE ST T T
Cycle 3 (Restore tape)

Ug, 77 37 Ra Up
—
Ug, b ) b 7Ra Ug
—_—
Ug, )‘a b 5 R7 us
Ug, 5a )\7 Ra Ug
These TRs restore M’s simulated tape and encoded table of behaviour. Ug ¢ moves right

- —_— — - A\ - - -
restoring each '@’ toan ‘a’,each b toa b, and each J to a A. This continues until U ¢
reads a A, switching Us ¢’s control to us.

ug, NE)AE AEVAD TTONENTAT TS
us, VE VAT (AEPAD TTONENT



Cycle 4 (Choose read or write symbol)

— — —
U5,CL,CL,L,U1 u37b7avau5 u17a7a7Rau1

— — —
’LL5,b,CL,L,7.L3 u17b7b7R;u1
’U,5,)\

This cycle either (i) begins the indexing of an ETR or (ii) completes the execution of
an ETR. More precisely: (i) if Us ¢ is immediately after simulating a left shift then this
cycle reads the encoded read symbol to the left of the encoded current state, (ii) if Ug ¢
is simulating a right shift then this cycle prints the encoded write symbol to the left of
the encoded current state. Case (ii) follows:

— — =, , _<—_
ur, NEYAENEVPAD TGN NG b T as
ur, AEVAT AEPAD TTNENT DT T b7 b G
In the configuration immediately above we have shortened the overlined section; the
two symbols to the left of M’s encoded current state encode the write symbol 1.
The example simulation of TR ¢1 1 = (q1, 1, 1, R, ¢2) is now complete. The correct
encoded write symbol 1 = b ‘@ has been written and the new encoded current state
is of the correct form. The new encoded current state (M>’s simulated tape head) is

configured so Us ¢ reads the next encoded read symbol to the right when searching for
the next ETR.

Left shifting TRs are simulated in a similar fashion to the right shifting TR given above,
except in this case the write symbol is written on the right hand side of the encoded
current state as shown in Fig. 2 (cL). After the left shift the new current state (M3’s
simulated tape head) is configured to read the next symbol to its left when searching for
the next ETR.

5.2 Construction of Us 7

For Us ;7 the start state of M is encoded as ¢ = @3RI 4, The encoding of M’s

. T4 e .
current state is of the form ‘a* b * b *{"a U e} and is of length 5|Q| + 4.
Lett = (¢z,01,02, D, qy) be afixed TR in M, then ¢ is encoded via P using the
function & on its own or in conjunction with £’ where

b b(t)+24G a(.t)+1 if D=R,00 =0,
Gh+2galn Y if D=R,0, =1,

£t)= CTaTT OGNl fD =L gy =0, ¢
SO T hemr2gab-1 ifpD = L,os =1,

and

:Eb(tR’m)+4<Ea(:tR)m)72 if EltR’m, qx # q1,
E'(f,t) =< pogdlel-2 if ¢z = qu, (13)
€ if _EltR’w, qx 7& q1,

where as before t%- is any right shifting TR such that ¢/ - ¢.
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T . \re —
The value of E from Definition2 for Us 7 is E = A b Xa.

Definition 8 (U577). The TM U577 is defined as U577 = ({ul, U2, U3, Uq, U5}, {H,

— _, = — = .. . ..
b, a,b,\ A, A}, a, f,u1,{us,us}) where f is given by the following transition
rules.

— — — —
ulaa'aa’aRvul 'LLQ,CL,)\,L,U;; u37avavau3
— — — — —
Ul,b,a,R7U2 Ug,b,b,L,Ug U3,b,b,L,U3
T TR 7 TR 7. TR
Ui, a, a,fi,u; Uz, @, a,Iv, U us, a, a, v, Uy
— — — =
Ul,b,b,R,Ul u?ybvvaaUQ U3,b,b,R,U2
- — —
ula)\7 CI,,L,UQ 'LLQ,)\, ,L,UQ U3,)\, )\aRvul
— — — — =
ula)\abaRvuf) 'LLQ,)\,CI,,L,UB u37)\7)\7L7u3

— — —
ula)‘a)‘aR7ul u27)\7A7R7u2 U3,A,)\,R,U5
— — —
'LL4,CL,CL,L,7.L4 U5,CI,,CI,,L,U5
— — —
'LL4,b,b,L,7.L4 'Ll,5,b,a,,R,'LL1
T TR 7 TR
Ug, @, G, L1, U3 Us, @, a,Iv,Us
— — —
U4,b,b,R,U3 u57b7vaau5
—
'LL4,)\, ,R,Ug U5,)\,)\,L,U1
— = —
'LL4,)\,)\,L,'U/4 u57>\7
— —
Uy, )\a Us, )\,)\,R,U{a

Remark 4. There are some minor differences between the operation of Us 7 and Us 1.
The order of symbols in ETRs of Us 7 is reversed when compared with ETRs of Us 11,
assuming ‘@ = e and b = h. To see this note the difference between Equations (3)
and (12). When printing an ETR, Us 7 reverses the order so that encoded current states
are of the same form as those in Us 11. Also M ’s encoded tape symbols to the left and
right of the encoded current state use the same encodings (0 = ‘@@ and T = b ‘@).
This is not the case for Us 1.
We give a brief overview of Us 7 computation
Cycle 1 (Index next ETR)

— — — —
ulaa'aa’aRvul ’LLQ,G,)\,L7U4 ’LL3,CL,CL,L,7.L3
— — — — —
Ul,b,a,R7U2 ’LLQ,b,b,L,Ug ’Ll,3,b,(_b,L,7.l/3
—
Ul,(L,CL,R7U1 U3,)\,>\,R,U1
— — —
Ul,b,b,R,Ul U3,)\,)\,L,U3
—
U, )‘a )‘5R7u1

In Cycle 1 the leftmost block of TRs (above) reads the encoded current state. The right-
— —
most block neutralises A markers by changing themto A or A to index the next ETR.

The middle block decides when the cycle is complete. Each b in the encoded current
state is changed to an ‘@ and then Us 7 enters state us via us.
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Cycle 2 (Print ETR)

— — - — — —

'LL4,CL,CL,L,7.L4 U3,G,G,R7U1 ’LLQ,G,)\,L7U4 u17a7a7Rau1
— — — — o —

u4ab7b7L7u4 Ug,b,b,R,U,Q ’U,Q,Cl,Cl,R,U,Q u17b7b7Rau1
— N - 5 —

U4,CL,CL,R,U3 U3,)\,A,R,U5 u25b7b7R7u2 ’U,l,)\,a,L,UQ
— — — —

U4,b,b,R7U3 UQ,)\,b,L,UQ u17)\7)\7Rau1

—
U4,)\,>\,R,U3 u2, )\a )\,R,UQ

— —
Uy, )‘a )\,L,U4

This cycle copies an ETR to M ’s simulated tape head position. The leftmost block scans
left and locates the next symbol of the ETR to be printed. The second block from the
left records the symbol to be printed or ends the cycle. The rightmost two blocks scan
right and print the appropriate symbol.

Cycle 3 (Restore tape)
U5,E), HvRa Us
—
Uus, b7 b ,R,U5
“—
U5,)\, )\aLaul

Us, X), )\, R, us
These TRs restore A/ ’s simulated tape and encoded table of behaviour. Us 7 moves right
restoring each @ to an ‘@, each ? toa (E and each 7 to a A. This continues until Us 7
reads a A, switching Us »’s control to u;.
Cycle 4 (Choose read or write symbol)

—
— —
ulaaaaaRvul u27)\7avau3 us, Us

L
SR, u

—
—
U, b,CL,R,UQ Us,

— —
Uy, )\a baRvuf)

=

This Cycle either (i) begins the indexing of an ETR or (ii) completes the execution of
an ETR. More precisely: (i) if Us 7 is immediately after simulating a left shift then this
cycle reads the encoded read symbol to the left of the encoded current state, (ii) if Us -
is simulating a right shift then this cycle prints the encoded write symbol to the left of
the encoded current state.

The halting case for Us 7 is more complex than the previous UTMs. If the simulated
tape head is attempting to left shift at the left end of the simulated tape then Us - has
the following configuration:

us, ANEAEAEAENE 2O MNT T 0460 T UTT) T
Us,7 goes through 13 configurations before the halting configuration given below is
reached.

us, ANEAEANENENE P2 INT D AT T*

There is no TR for "when in state u5 read a 7 in Us 7 so the simulation halts.

— =\ e
aUada)a”

5.3 Construction of Uz 5

— . ~ _ —5|Ql+17 3 . )

For Uy 5 the start state of A/ is encoded as 1 = @ b °. The encoding of M’s
— .

current state is of the form ‘@* b3 b *{@ U €} and is of length 5|Q| + 4.
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Lett = (¢z,01,02, D, qy) be afixed TR in M, then ¢ is encoded via P using the
function £ on its own or in conjunction with £” where

b(t)+1(<5 )n(7t)+1(3 ifD=R,00=0,
—
f=] PUTEOTEETE D =Rea=1
= — <~
(@02 b(t)+1( a b)atH-17p ifD="L,00 =0,
‘E(E?(E? b b(t)+1(<5‘§)a(,t)—1? ifD=L,oy,=1,
and
BTG Y)Y i 3R g, £ g,
gl(f7 t) — ?5(‘5?)5|Q|72? if 4z = q1, (15)
€ if _EltR’w, qx # q1,

where as before ¢ is any right shifting TR such that ¢/% - ¢.

e
The value of E from Definition 2 for Uz s isE= b b b Aa

Definition 9 (U7,5). The TM U7,5 is defined as U775 = ({ul, U2, U3, Uq, Us, Ug, ’U,7}, {(E,
bt
b,\d,9}, @, f,ur, {uz,us}) where f is given by the following transition rules.

—
ulaga aaRvul
—

Uy, ba CI,,R7U2
—

ula)\v b ,R,Ul
U1,5,5,R7U1

«—
u1,7, a,L,us

T T L

Ugy G5 G, LUy
—

Uy, baA7L7u4

Ug, )\7 >\a Rv Us
Uy, 57 57 La Uy
—

ug,7, b, R, us

U7,Z,H,R,U7
ur, b 537R7u1
—

U7,A, b 7R7u7
U7,(5,)\,R,U7
U7,’7,’}/,L,U5

L

U2, @ ,7, L, Usq
— —

Uug, b, b,L,U3

u2, >\a v R; Ui
'LLQ,(S,

—
Uz, v, b aRvuﬁ

— —
Us, a, CL,R,UQ
«—
«—
Uus, b7 CL,R,Ug
U5,)\,’7,R,'LL6
U5,5,A,R,U7

Us, 7,

T T L

us, a, a,Ll,us
—

usz, vaaLaUB

usz, >\a 57 Ra Ui
us, 5a 57 L7U3

—
us, v, CL,R,'LL5

— —
U’67£7 G,R,Uﬁ
—

Ug b7 CL,L7U,7
—

Ue, >\a b aRv Ue
Ue, 5) 57 Ra Ue
—

U, s b 7L7u2

Remark 5. There are some minor differences between the operation of U7 5 and Us 1.
The order of symbols in ETRs of U~ 5 is reversed when compared with ETRs of Us 11,
— —
assuming ‘@ b = eand b = h. To see this note the difference between Equations (3)
and (14). When printing an ETR, U~ 5 reverses the order so that encoded current states
are of the same form as Us ;1. Also M’s encoded tape symbols to the left and right of
~ o~ —
the encoded current state use the same encodings (0 = @ ‘@ and 1 = b ‘@). This is not
the case for Us 1.
We give a brief overview of U7 5’s computation.
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Cycle 1 (Index next ETR)

T TR T~ L TTL
Ui, @, a,Iv,uy U2, @ ,7, L, Uq us, @, a,.L,us
— — = —
U, b,(_CL,R,U,Q uz, b7 b,L,Ug us, b7A7L7u3
u15A7 b,R,Ul U3,A,5,R,U1
U1,5,5,R7U1 U3,5,5,L,U3

In Cycle 1 the leftmost block of TRs (above) reads the encoded current state. The right-
most block neutralises A markers by changing them to § symbols to index the next ETR.
The middle block decides when the cycle is complete. Each b in the encoded current
state is changed to an ‘@ and U~ 5 then enters state us via us.

Cycle 2 (Print ETR)

— — —
’LLQ,CL,’Y7L7U4 U5,CL,CL,R,U2 UG,G,CL,R7U6 UQ,)\,'Y,R,'UQ
— e —
U4,CL,CL,L,U4 U5,)\,’}/,R,U6 Uﬁ,A,b,R,Uﬁ 'U;l,Cl,Cl,R,Ul
— —
Uy, b 7A7L7u4 u5757 A7R7u7 u6567 57 R7u6 'U,l,)\, b 7R7u1
—
U4,)\,>\,R,U5 Ue, 7Y, b7L7u2 U1,5,5,R,U1
—
U4,5,5,L,U4 U1, 7Y, avau2
—
Ug, 7Y, b7R7u5

This cycle copies an ETR to M ’s simulated tape head position. The leftmost block scans
left and locates the next symbol of the ETR to be printed. The second block from the
left records the symbol to be printed or ends the cycle. The rightmost two blocks scan
right and print the appropriate symbol.

Cycle 3 (Restore tape)

Uy, (Ev (Ev Ra ur
—
uz, A, b, R, uz
Uy, 5a )\7 Ra U7
Wz, Yy 7y L7 Us
These TRs restore M ’s simulated tape and encoded table of behaviour. U7 5 moves right
—
restoring each Atoa b, and each ¢ to a A. This continues until Uy 5 reads a -y, switching

Uz 5’s control to us.
Cycle 4 (Choose read or write symbol)

-
— — —
us, a, a, R, us ug,7, b, R, ug ug, a, a, R, ug uz, a, a, R uz
— — —
— — — —
U5,b,a,R7U3 U3,’Y,G,R7U5 u67bvavau7 U7,b,a,R,U1

This Cycle either (i) begins the indexing of an ETR or (ii) completes the execution of
an ETR. More precisely: (i) if Uz 5 is immediately after simulating a left shift then this
cycle reads the encoded read symbol to the left of the encoded current state, (ii) if Uz 5
is simulating a right shift then this cycle prints the encoded write symbol to the left of
the encoded current state.

The halting case for Uz 5 is more complex than the first two UTMs in this paper.
When the simulated tape head is attempting to left shift at the left end of the simulated
tape then Us - has the following configuration:
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ur, NENENENEAEAD D oMb aa b3 b (b

—_—
alUaa

—>—>)*<Ew

Us,7 goes through 42 configurations before the halting configuration given below is

reached.

us, AEAEAEAEAE2AD Dby b ba b3 (b

=

— o\ e
aUadad)av

a

There is no TR for "when in state us read a ’ in Uy 5 so the simulation halts.

5.4 Construction of Ug 4

For Us 4 the start state of M is encoded as ¢ = @RI 2, The encoding of M’s

H — TG e H
current state is of the form 'a* b 2 b *{"a U €} and is of length 5|Q| + 2.
Lett = (¢z,01,02, D, qy) be afixed TR in M, then ¢ is encoded via P using the

function & on its own or in conjunction with £’ where

«—

b )0 b 20®) g g

)a,(,thm)—3‘32(1>(th$)+2)<E

3 s «—
yplel-3% 85

if D=R,00 =0,
!f.D:R,O'Q = ]., (16)
if D=1L,o =0,
ifD:L7(J'2=:|.7

if EltR7m7 qx 7& q1,
if ¢ = qu, (17
if _'EltRJa qx # q1,

where as before ¢ is any right shifting TR such that ¢/%% - ¢.

The value of E from Definition 2 for Ug 4 is E = €.

Definition 10 (U8,4). The TM U8,4 is defined as U874 = ({ul, U2, U3, g, Us, Ue, U7, US},
—
{@, b,\ 6}, @, f,u1,{us}) where f is given by the following transition rules.

— —
ui, @, a‘7R7ul
—

Ut, ba CL,R,UQ

—
ula)\v b 7L7u2
u156757R7u1

T T L
Ug, A, G, L, Ug
—
Uyg, b557L7u5
U4,A,)\,R,U6
U4,(5,5,L,U4

—
Uz, a, aaRvuﬁ
—
—
ur, b,(_CL,R,U,l
U?,)\, CL,R,Ul
U7,(5,)\7R,U,6

—

Uz, CL,)\,L,U4
— —

Uz, b7 b7L7u3

'LLQ,)\,
Ug,é,

—
us, a, CL,R,U5
—
us, b757R7u1
—
U5,)\, G,L7U,2
U5,5,(5,R,U5

—
us, a, CL,R,UG

—
—

us, bz_CL’L,U,g

Ug,)\, avaus

—
u8757 b 5R7u6
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uz, a, a,Ll,us
—

usz, b75,L,U3

usz, >\a 57 Ra Ui
us, 57 57 L,U,g

‘T TR
uﬁ'ngvav , U7
—

Ug b7 CL,L7U,7
—

’U,ﬁ,)\, baR7u6
—

’U,675, b7Rau8



We give a brief overview of Ug 4’s computation. The tape contents is given by the
~ <« ~
same symbols (1 = b ‘@ and 0 = ‘@ @) to the left and right of the simulated TMs tape
head.
Cycle 1 (Index next ETR)

u15<57<E7R7u1 u27<E7A7L7u4 U3,<E,<E,L,U3
— — — —
Ul,b,a,R,UQ 'U;Q,b,b,L,Ug U3,b,(5,L7U3
ula(Sv 5; R7u1 u3a)\75a Rvul
U3,(5,5,L,U3

In Cycle 1 the leftmost block of TRs (above) reads the encoded current state. The right-
most block neutralises markers to index the next ETR. The middle block decides when
the cycle is complete Inu; Us 4 Scans the encoded current state from left to right; each

|s changed to an ‘@ and Us, 4 then enters state us via us.
Cycle 2 (Print ETR)

— — — — —
UQ,CL,A,L7U,4 U5,CL,CL,R,U5 u17a7a7Rau1
— o e
'LL4,CL,CL,L,7.L4 u5aba57Rau1 u17)\abaLau2
—
«—
Uy, b 767L7u5 U5,A, CL,L7U,2 u175757Rau1
u4a)\7>\aRv Ue 'LL5,(S, 5; R7 Us
U4,5,5,L,U4

Before we explain this cycle we mention why ETRs for Us 4 are longer than ETRs for
the other UTMs (e.g. compare Equations (16) and (3)). In Us 4’s ETRs there are mul-
tiple copies of the subwords Zband b b, During the Print ETR cycle, the subword
a b will cause an “a to be printed and the subword b b will cause a b to be printed.
Durmg this cycle the next symbol to be printed is the symbol to the left of the rightmost
in the ETR. The rightmost b of the subwords ‘@ b and b b is 5|mply a marker and
the symbol directly to its left is the symbol that is to be printed. Extra ‘@ symbols appear
in Ug 4’s ETRs that do not result in symbols being printed during the print ETR cycle.
These extra ‘@ symbols are added to allow the restore tape cycle to execute correctly.
This cycle copies an ETR to M ’s simulated tape head position. The leftmost block
scans left and locates the next symbol of the ETR to be printed or ends the cycle. The
middle block records the symbol to be printed. If an ‘@ is to be printed the middle block
also scans right and printsan @ If a b is to be printed the rightmost block scan right

. <
and printsa b .

Cycle 3 (Restore tape)

— — — — — —
u65a7a‘7R7u7 U7,CL,CL,R,U6 'U,g,Cl,CE,R,Uﬁ
e — —
u65A7<_b7R7u6 U7,)\, G,R,Ul ’U,g,)\,(ﬁ,L,US
'LLG,(S, b ,R7U8 U7,5, )\7Ra Ue u875a b ,R,UG

These TRs restore M ’s simulated tape and encoded table of behaviour. Ug 4’s tape head

scans right restoring 6 symbols to b and A symbols. Recall that in the Index next ETR
cycle X\ symbols were change to 6 symbols in order to index the next ETR. Note also

that during the Index next ETR cycle as Us 4 scans left it also changes b symbols to
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§ symbols. As mentioned earlier there are extra ‘@ symbols in each ETR that do not
effect what is printed to the overlined region. The reason for these extra ‘@ symbols is
to ensure that Us 4 can distinguish which 6 symbols to restore to A symbols and which

6 symbols to restore to b symbols. The extra ‘@ symbols ensure that Us 4 will be in

state uy if a 6 should be restored to a A and in ug or ug if a 6 should be restored to a ?
This cycle ends when Ug 4 reads a A.
Cycle 4 (Choose read or write symbol)

— —
— — —
UG,CL,CL,R7U7 U7,b,a,R,U1 Ug,b,a,L,Ug

This cycle either (i) begins the indexing of an ETR or (ii) completes the execution of
an ETR. More precisely: (i) if Us 4 is immediately after simulating a left shift then this
cycle reads the encoded read symbol to the left of the encoded current state, (ii) if Us 4
is simulating a right shift then this cycle prints the encoded write symbol to the left of
the encoded current state.

Remark 6. Halting case Us 4. Recall that all our UTMs simulate halting by attempting
to simulate a left shift at the left end of the simulated tape. This is also true for Us 4.
However the halting case for Us 4 differs slightly from the halting case for Us 11. Us 11
halts during the Choose read or write symbol cycle. Us 4 halts in the configuration
immediately after printing the last symbol of the left shifting ETR at the end of the
Print ETR cycle.

6 Conclusion and future work

We have improved the state of the art in small efficient UTMs. Fig. 1 summarises our re-
sults. Our UTMs infer a polynomial time curve that in some places matches the already
known (from Rogozhin et al) exponential time curve.

The decrease in the state-symbol product was found, in part through direct simula-
tion of TMs. This is rather suprising given the trend over the last forty years of indirect
simulation through other universal models. The most recent small UTMs simulate TMs
via 2-tag systems, with an exponential time overhead [7, 14, 6, 4, 5]. Before the advent
of Minsky’s UTM in UTM(7, 4), the smallest UTMs directly simulated TMs [2, 3]. One
problemma in the construction of these UTMs was the addressing of states, that is lo-
cating the next encoded state during TR simulation. Some approaches to solving this
problemma are discussed in brief in Section 3.1 of Minsky’s paper [4]. A major advan-
tage of our algorithm is the fact that the encoded current state is located at the simulated
tape head position. This technique simplifies the addressing of states.

What about small UTMs with less than polynomial time complexity? For example,
consider the construction of a linear time UTM. Our UTM stores the encoded current
state at the simulated tape head location. Suppose the entire encoded table of behaviour
is stored at this location. Simulating a TR involves scanning through the encoded table
of behaviour, it is not necessary to scan the entire simulated tape contents. The idea is
straightforward, however trying to construct small linear time UTMs could be difficult.

Cook [14] has recently published UTMs in UTM(2, 5), UTM(3,4), UTM(4, 3) and
UTM(7, 2) that are smaller than Rogozhin et al’s. However, Cook’s UTMs differ from
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the classical Turing machine definition [13]. Instead of having a blank symbol these
machines have two blank words. Cook’s UTMs require the blank tape to have an in-
finitely repeating word to the left and another different infinitely repeating word to the
right. Cooks machines also suffer from an exponential slowdown through simulation of
2-tag systems. As future work it would be interesting to find polynomial time UTMs as
small as Cook’s. At present it seems technically challenging to further reduce the size
of our machines so we suspect that a radically different approach is required.
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